Rules for integrands of the form u (a + b ArcSech[c + d x])P

1. j(a+bAr‘cSec[c+dx])"d1x

1: [ArcSec[c +dx] dx

Reference: G&R 2.821.2, CRC 445, A&S 4.4.62
Reference: G&R 2.821.1, CRC 446, A&S 4.4.61
Derivation: Integration by parts

Rule:

(c +dx) ArcSec[c +d x] 1
jAr‘cSec [c+dx] dx — - dx

d 1
(c+dx) ’1— (o)’

Program code:

Int[ArcSec[c_+d_.*x_],x_Symbol] :=

(c+dxx) *ArcSec[c+d*x] /d -

Int[1/ ((c+dxXx) *Sqrt[1-1/ (c+dxx)"2]),x] /;
FreeQ[{c,d},x]

Int[ArcCsc[c_+d_.*x_],x_Symbol] :=

(c+dxx) *ArcCsc[c+dxx] /d +

Int[1/ ((c+d*Xx) *Sqrt[1-1/ (c+dxx)"2]),x] /;
FreeQ[{c,d},x]



Rules for integrands involving inverse secants and cosecants

2: J(a+bAr‘cSec[c +dx])Pdx when pez*

Derivation: Integration by substitution

Rule: If p € z*, then

1
J(a+bAr‘cSec[c+dx])"dlx — ESubst[J(a+bArcSec[x])pdlx, X, c+dx]

Program code:

Int[ (a_.+b_.*ArcSec[c_+d_.*x_])"p_.,x_Symbol] :=
1/d*Subst[Int[ (a+bxArcSec[x])"p,X],X,c+d*x] /;
FreeQ[{a,b,c,d},x] && IGtQ[p,0]

Int[(a_.+b_.*ArcCsc[c_+d_.*x_])"p_.,x_Symbol] :=

1/d*Subst[Int[ (a+bxArcCsc[x])p,X],X,c+d*x] /;
FreeQ[{a,b,c,d},x] && IGtQ[p,0]

uU: J(a+bAr‘cSec[c +dx])Pdx when p ¢ z*

Rule:If p ¢ Z*, then

j(a+bArcSec[c+dx])pdx — J.(a+bAr‘cSec[c+dx])pd1x

Program code:

Int[ (a_.+b_.xArcSec[c_+d_.*x_])”~p_,Xx_Symbol] :=
Unintegrable[ (a+bxArcSec[c+d*Xx])*p,Xx] /;
FreeQ[{a,b,c,d,p},x] & Not[IGtQ[p,0]]



Rules for integrands involving inverse secants and cosecants

Int[ (a_.+b_.*ArcCsc[c_+d_.*x_])”p_,x_Symbol] :=
Unintegrable[ (a+bxArcCsc[c+dxXx])*p,Xx] /;
FreeQ[{a,b,c,d,p},x] && Not[IGtQ[p,0]]

2. J(e+fx)"' (a+bArcSec[c+dx])Pdx

1: J(e+fx)"' (a+bArcSec[c +dx])Pdx whende-cf==0 A pez*

Derivation: Integration by substitution
Rule:lf de-cf =0 A peZ*,then

1 fx\"
J(e+fx)'" (a+bArcSec[c+dx])Pdx — ESUbSt[J[T] (a +bArcSec[x])Pdx, x, c+dx]

Program code:

Int[(e_.+f_.#x_)"m_.*(a_.+b_.*ArcSec[c_+d_.*x_])"p_.,x_Symbol] :
1/dxSubst [Int[ (fxx/d) mx (a+bxArcSec[x])"p,X],X,c+d*x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[d+e-cxf,0] && IGtQ[p,O]

Int[(e_.+f_.#x_)"m_.*(a_.+b_.*ArcCsc[c_+d_.*x_])"p_.,x_Symbol] :
1/d+Subst[Int[ (fxx/d) mx (a+bxArcCsc[x]) p,X],X,c+d*x]| /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[d+e-cxf,8] & IGtQ[p,O]



Rules for integrands involving inverse secants and cosecants

2: J(e+fx)'" (a+bArcSec[c+dx])Pdx when peZ*A mez

Derivation: Integration by substitution
Basis: If m € zZ, then
(e +fx)"F[ArcSec[c+dXx]] ==

dmld Subst[F[x] Sec[x] Tan[x] (de-cf+fSec[x])™, X, ArcSec[c +d Xx]] OxArcSec[c + d X]

Rule:If p e Z* A m € Z,then

1
J(e+fx)"' (a+bArcSec[c+dx])Pdx — ?Subst[J(a+bx)pSec[x] Tan[x] (de-cf+fSec[x])"dx, x, Ar‘cSec[c+dx]]
d+

Program code:

Int[(e_.+f_.#x_)"m_.+(a_.+b_.*ArcSec[c_+d_.*x_])"p_.,x_Symbol] :
1/d~ (m+1) »Subst [Int [ (a+bxx) ~pxSec[x]«Tan[x] « (dxe-cxf+fxSec[x])~m,x],x,ArcSec[c+d*x]]| /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && IntegerQ[m]

Int[(e_.+f_.#x_)"m_.*(a_.+b_.*ArcCsc[c_+d_.*x_])"p_.,x_Symbol] :
-1/d" (m+1) #Subst [Int[ (a+bxx) ApxCsc[x] xCot [X] » (dwe-c#f+FfxCsc[x])~m,x],x,ArcCsc[c+d*x]] /;
FreeQ[{a,b,c,d,e,f},x] && IGtQ[p,0] && IntegerqQ[m]



Rules for integrands involving inverse secants and cosecants

3: J(e+fx)'" (a+bArcSec[c+dx])Pdx when pez*

Derivation: Integration by substitution

Rule: If p € z*, then

de-cf
d

1 fx\"
~I-(e+-Fx)"‘(a+bAr‘cSec[c+dx])"dlx — ESubst[J( +T) (a +bArcSec[x])Pdx, x, c+dx]

Program code:
Int[(e_.+f_.#x_) m_.%(a_.+b_.xArcSec[c_+d_.*Xx_])"p_.,x_Symbol] :=
1/d+Subst[Int[ ((d+e-c+f) /d+fxx/d) *mx (a+bxArcSec[x]) p,X],X,c+dxx] /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[p,0]
Int[(e_.+f_.#x_)™m_.*(a_.+b_.*ArcCsc[c_+d_.*x_])"p_.,x_Symbol] :=

1/d+Subst[Int[ ((d+e-c+f)/d+fxx/d) mx (a+b*ArcCsc[x]) p,X],X,c+dxx] /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[p,O]

u: j(e+fx)'" (a+bArcSec[c +dx])Pdx when p¢z*

Rule:If p ¢ Z*, then

J(e+fx)m (a+bArcSec[c+dx])Pdx — J(e+fx)"‘ (a+bArcSec[c+dx])Pdx

Program code:

Int[(e_.+f_.#x_)"m_.*(a_.+b_.xArcSec[c_+d_.*x_])"p_,Xx_Symbol] :=
Unintegrable[ (e+fxx)~m« (a+bxArcSec[c+d#x])*p,X] /;
FreeQ[{a,b,c,d,e,f,m,p},x] & Not[IGtQ[p,0]]



Rules for integrands involving inverse secants and cosecants
Int[(e_.+f_.#x_) m_.+(a_.+b_.*ArcCsc[c_+d_.*x_])"p_,x_Symbol] :=

Unintegrable[ (e+fxx)~m« (a+bxArcCsc[c+d+x])*p,Xx] /;
FreeQ[{a,b,c,d,e,f,m,p},x] & Not[IGtQ[p,O]]

Rules for integrands involving inverse secants and cosecants

(o m
1: juArcSec[aerxn] dx

Derivation: Algebraic simplification
Basis: ArcSec[z] == ArcCos | 1]

Rule:

[« m a bx"im
ju Ar'cSec[ ] dx — Ju ArcCos [ -+ ] dx
a+bx" C C

Program code:

Int[u_.*ArcSec[c_./(a_.+b_.*x_"n_.)]1"m_.,x_Symbol] :=
Int[uxArcCos[a/c+bxx*n/c]”m,x] /;
FreeQ[{a,b,c,n,m},x]

Int[u_.*ArcCsc[c_./(a_.+b_.*x_"n_.)]1"m_.,x_Symbol] :=
Int[U*Arcsin[a/c+b*x“n/c]“m,x] /3

FreeQ[{a,b,c,n,m},x]



Rules for integrands involving inverse secants and cosecants

2: Ju £< ArcSec[a+b x]" dx

Derivation: Integration by substitution

Basis: F [x, ArcSec[a+bx]] ==

LSubst|F|[-2+ %Xl x| Sec[x] Tan[x], X, ArcSec[a+bx] | 6xArcSec[a + b x]

Rule: If n € Zz*, then

a Sec[x]
i
b b

n 1 n
fu fehAresecfasbx]® gy 5 = Subst[JSubst[u, X, - ] ¥ Sec[x] Tan[x] dX, X, ArcSec[a + bx]]
b

Program code:

Int[u_.+f_~(c_.»ArcSec[a_.+b_.*x_]"n_.),x_Symbol] :=
1/bxSubst[Int[ReplaceAll[u,x—»-a/b+Sec[x]/b] *f~ (cxx"n) xSec[x]*Tan[x],X],x,ArcSec[a+bxx]] /;

FreeQ[{a,b,c,f},x]| && IGtQ[n,0]

Int[u_.#f_~(c_.»ArcCsc[a_.+b_.*x_]"n_.),x_Symbol] :=

-1/bxSubst [Int [ReplaceAll[u,Xx--a/b+Csc[x]/b]+f~ (cxx"n) xCsc[x] xCot [x],X],X,ArcCsc[a+bxx]] /;
FreeQ[{a,b,c,f},x] && IGtQ[n,0]

3. [v (a+bArcSec[u]) dx when u is free of inverse functions

1: | ArcSec[u] dx when uis free of inverse functions

Derivation: Integration by parts and piecewise constant extraction

Basis: OxArcSec [F[x]] = OxF [X]

Basis: 9y —X1— -- 9
Flx]?



Rules for integrands involving inverse secants and cosecants

Rule: If uis free of inverse functions, then

X OxUu u X OxUu
JAr‘cSec[u] dx — XxArcSec[u] - J— dx — xArcSec[u] - J dx
Vuz Vu2-1 Vuz Juvu?-1

Program code:

Int[ArcSec[u_],x_Symbol] :=

xxArcSec[u] -

u/sqrt[u~2] «Int [SimplifyIntegrand [x+D[u,x]/ (uxSqrt[ur2-1]),x],x]| /;
InverseFunctionFreeQ[u,x] && Not [FunctionOfExponentialQ[u,x]]

Int[ArcCsc[u_],x_Symbol] :=

xXxArcCsc[u] +

u/sqrt[u~2] «Int[SimplifyIntegrand [x+D[u,x]/ (uxSqrt[ur2-1]),x],x]| /;
InverseFunctionFreeQ[u,x] && Not [FunctionOfExponentialQ[u,x]]



Rules for integrands involving inverse secants and cosecants

2: J(c +dx)™ (a+bArcSec[u]) dx whenm# -1 A uis free of inverse functions

Derivation: Integration by parts and piecewise constant extraction

Basis: Oyx (a + b ArcSec[F[x]]) b OxF [X]

B \/F[x]2 \/F[x]z—l

Basis: 0y, —FX1L— -
Fx]2

Rule:If m + -1 Auis free of inverse functions, then

(c+dx)™? (a+bArcSec[u]) b (c +dx)™o,u
j(c +dx)™ (a+bArcSec[u]) dx — - dx
d (m+1) dm+1) J ym vt
(c+dx)™! (a+bArcSec[u]) bu J(c+dx)'"+1axudl
- X
d(m+1) d(m+1) Vu? uVvu?-1

Program code:

Int[(c_.+d_.*x_)"m_.*(a_.+b_.xArcSec[u_]),x_Symbol] :=
(c+dxx)~ (m+1) * (a+bxArcSec[u]) / (d* (m+1)) -
bxu/ (dx (m+1) *Sqrt[u~2]) xInt [SimplifyIntegr'and [ (c+dxx)”~ (m+1) *D[u,x] / (uxSqrt[ur2-1]),x] ,x] /3
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1] & InverseFunctionFreeQ[u,x] & Not[FunctionOfQ[ (c+d+x)~(m+1),u,x]] & Not[FunctionOfExponentialQ[u,x] ]

Int[(c_.+d_.*x_)"m_.*(a_.+b_.*ArcCsc[u_]),x_Symbol] :=
(c+d*x)~ (m+1) * (a+bxArcCsc[u]) / (d* (m+1) ) +
bxu/ (dx (m+1) *Sqrt[u~2]) *Int [SimplifyIntegrand [ (c+dxx)”~ (m+1) *D[u,x] / (uxSqrt[ur2-1]),x] ,x] /3
FreeQ[{a,b,c,d,m},x] & NeQ[m,-1] & InverseFunctionFreeQ[u,x] && Not[FunctionO-FQ[ (c+d*x)"(m+1),u,x]] && Not[FunctionO-FExponentialQ[u,x]]

3: |v (a+bArcSec[u]) dx when uand J‘v dx are free of inverse functions

Derivation: Integration by parts and piecewise constant extraction



Rules for integrands involving inverse secants and cosecants

Basis: Ox (a + bArcSec[F[x]]) = b OxF [X]

\/F[x]2 \/F[x]z—l

Basis: 9y —X1— -- 9
Fx]?

Rule: If u is free of inverse functions, let w — Jv d x, if wis free of inverse functions, then

Jv (a+bArcSec[u]) dx — w (a+bArcSec[u]) - dx — w (a+bArcSec[u]) -

bJ‘ WO, U
Vuz Vui-1
Program code:

Int[v_=*(a_.+b_.*ArcSec[u_]),x_Symbol] :=

With[{w=IntHide[v,x]},

Dist[ (a+bxArcSec[u]),w,Xx] - bxu/Sqrt[u~2]+Int[SimplifyIntegrand [wD[u,x]/ (uxSqrt[u~2-1]),x1,x]| /;
InverseFunctionFreeQ[w,X] ] /5
FreeQ[{a,b},x] && InverseFunctionFreeQ[u,x] && Not[MatchQ[v, (c_.+d_.*x)”m_. /; FreeQ[{c,d,m},x]]]

Int[v_=*(a_.+b_.*ArcCsc[u_]),x_Symbol] :=

With[{w=IntHide[v,x]},

Dist[ (a+b*ArcCsc[u]),w,x] + bxu/Sqrt[u~2]+Int[SimplifyIntegrand [wD[u,x]/ (uxSqrt[u~2-1]),x1,x]| /;
InverseFunctionFreeQ[w,X] ] /3
FreeQ[{a,b},x] && InverseFunctionFreeQ[u,x] && Not[MatchQ[v, (c_.+d_.*x)"m_. /; FreeQ[{c,d,m},x]]]

bu J WOy u
u? uVvu?-1

dx
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